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Ahstract

In this paper we make the connection between two approaches for supervised classification with a rejection option.
The first approach is due to Tortorella and is based on ROC curves and the second is a generalisation of Chow’s opti-

mal rule.
@ 2004 Blsevier B.V. All rights reserved.
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1. Introduction

In a supervised classification problem the aim is
to build a decision rule according to which a new
object will be assigned to one of ¢ predefined
clagses. In order to build this decision rule we need
a training set of patterns correctly classified. For a
comprehensive treatment of this subject see, eg.,
Ripley (1996} or Webb (1999), When there is some
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uncertainty it may be better to intreduce a rejec-
tion option to avoid high error rates and/or to re-
duce the overall costs. Thus, finding a reject rule
which achieves the best trade-off between error
rate and reject rate is undoubtedly of practical
interest in real applications.

The problem of defining an optimal reject op-
tion has been tackled by Chow (1937, 1970), In
the first article he formulated an optimal decision
rule. In the second he derived a peneral relation be-
tween the error and reject probabilities and pre-
sented the optimum error-reject curve. More
specifically Chow's rule minimises the error rate
for a given reject rate, or vice versa, and consists
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of rejecting an object if the highest a posterior
probability is lower than some threshold 1 —1t
(rejection threshold), € [0.1 — 1/¢]. Chow's rule
i5 optimal in the semse that for some reject rate
specified by the threshold ¢, no other rule can yield
a lower error rate. Chow considered a particular
cost function. Let C{i|j) be the cost incurred by
classifying in G; when the true class is G;. Then

0 ifi=j,
Clily=41 ifi#j 6i=12...,8 (1)
i ifi=1,

where [ is the class of rejection (fndecision class),
Moreover, it is known (Chow, 1957) that the opti-
mum decision rule is also a minimum-risk role if
the cost function is uniform within each class of
decigions. In this case, the rejection threshold is re-
lated to the other costs as follows, t = ({C. — C.)/
(C.— €}, where C., C, and €. denote the costs
of making an error, rejection and correct recogni-
tion, respectively (Chow, 1970).

The rejection option is desirable in those appli-
cations where it may be more convenient to with-
hold making a decision than to make a wrong
decision. Furthermore, the costs may not be sym-
metrical, because the consequences of different er-
rors are usually not equivalent and depend on the
nature of the particular application. As an exam-
ple, in the case of medical diagnosis a false nega-
tive outcome can be much more costly than a
false positive. Similarly, in the detection of fraud,
the cost of missing a particular case of fraud will
depend on the amount of money involved. In this
paper we consider the gemeralisation of Chow's
rule (optimum error—reject tradeoff) for different
class conditional costs of misclassification and cor-
rect classification. That is, for the general cost
function

Ci Fi=j,
Cllfy=4 Cp iFidj #j=1,2-..;¢, (2
c, ifi=1I

An optimal decision rule based either on a posteri-
ori probabilities or on conditional densities can
then be obtained. This rule, although based on
classical Bayes decision theory, is in fact a general-
isation of Chow’s original rule because of the more

general cost structure. As far as we know it has not
been widely exploited or used in practice (there is a
brief reference in Webb, 1999, p. 13). For this opti-
mal rule we derive the particular expressions for
the two class case.

Tortorella (2000) also presented an optimal re-
ject rule for binary classifiers based on the Receiver
Operating Characteristic curve (ROC curve). The
tule 13 opuimal sinee it maximizes a classification
utility function, defined on the basis of classifica-
tion and error costs particular for the application
at hand.

The aim of our paper is to make the connection
between the classification approach presented by
Tortorella and the generalisation of Chow's rule
for the two class case, and prove that these two ap-
proaches are theoretically equivalent.

This paper is organized as follows. Section 2
discusses the generalisation of Chow’s optimal re-
ject rule, The connection between the two ap-
proaches is presented in Section 3. To exemplify
the methods an application is discussed in Section
4. The paper concludes with summary and discus-
sion in Secticn 5.

2. Generalisation of chow's rule

Consider a pattern with feature vector x =
£ TR ,IP:IT e%, a set of e+ 1 classes
G, Ga, ... God (Indecision class) and a training set
s Gy )y (22, G )y "{I”.‘ G, ). where i, =7 if and
only if the l-observation belongs to G j=
l,...,e,k=1,.. .0 A general classifier is an appli-
cation & — {Gy,Gy,..., G, I} and the classifica-

tion task is to estimate the true class of a new -

observation characterised by a feature vector x,...-
Let w; denote the a priori probability of G;and fi{x)
the {conditional) density of x given &), The a poste-
riori probability of G; given x is denoted by P(Gy|x)
and is related with the previcus quantities by

il x)
Blx) =it
Z_r:ﬁ"'.rf.r’(x}
Chow's rule is optimal since it is a minimum-risk
rule if the cost function is uniform within each
class of decsions ie. if no distinction is made
among the errors (Chow, 1957).
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Denote by Dy, D, ... D, D) the decision re-
pions associated to classes Gy, Ga, ..., Gt Chow's
rule partitions the feature space, &, into two dis-
joint sets: Dy, a reject region, and 4 = UL, D, an
acceptance region of the decision rule. The classifi-
cation rule which minimizes the risk under (1) can
be stated as:

xcd if maxP{Gix}) = 1—1

[ == )
reD & maP{G]acl—s P hdne

Consider now the general cost function (2). The
conditional risk (or expected loss) of assigning an
object x to class @, is defined as

RN N ey Tl (X)
- ;C{rUJP{GHr} = ;wm S oa

where f(x) = 3, m/i(x). The average risk over
region 15
- [ crwas
Sy

So we can write that

= {xi mlin Cx) = C}

Iy ={x: mlnC" fx) =Gy}

and the classification rule that minimizes the Bayes
risk under (2) is given by

xeD; if C{x) < C*x), ¥isy and

CrI:I:I'S,:,_Cn Ji=]-:-2|---|'::!n

xel if mnlix)>C, i=13,...¢c

In a two-class problem, it is straightforward to
verify that, in practice, the classification rule con-
verts ta

f.[.r-h C{1j2) - C;, m

Classify x in &, if 54 =t
veRe Tt rm &—cn !
: : . hilx)  C.—C[22) =
Classify x in G if - = - W =1
¥ : WO T egn = wm »
. ; Sifx]
Reject x if # = ——— < 1.
! )

The same rule can equivalently be stated in terms
of a posteriori probabilities:

Classify xin Gy if

P(G|x) C(1|2} ~C _m
1-PGx) " C—COl) = "
Classify x in G_ if

PGy |x) C.— Y 2|2]| m
< 3
I_PGI) S CRD—C m
P{Gl x) _m

) e T
Reect x if = X I < T= PG < o
It is also important to note that, for certain combi-
nation of costs, the rejection option may not be
activated. It is easy to wverify that a necessary,
but not sufficient, condition to activate the rejec-
tion is that C, < €(1|2) and C, < C(2|1). Some of
the cost combinations considered in the example
discussed in Section 4 further illustrate this point.

* .

3. Relation with the ROC curve

As anticipated in the introduction, the aim of
this section is to establish the connection between
the rule presented in Section 2 and the rule based
on the ROC curve, due to Tortorella {2000).

Tortorella assumes that the classifier provides
for each feature vector, x, a value x in the range
[0,1] which is a confidence degree that the pattern
belongs to class P (positive class). In this section,
as in Section 2, we will adopt (7, instead of P.

To build the classification rule (without rejec-
tion) it is necessary to fix a threshold u (which
Tortorella calls “confidence threshold” and de-
notes by 1) such that a new observation is assigned
to class (7 if x = . Obviously, Tortorella is assum-
ing that the classifier provides an estimate of the a
posteriori probability of class Gy, Since the aim is
to establish a theeretical connection between the
two approaches, let us assume that the classifier
provides, not an estimate, but the true a posterion
probability of class Gy, that is x(x) = P{G;|x).

Tortorella considered not one but two thresh-
olds to cope with a rejection option: x is assigned
toclass Ga f 0 x<wy, toclass Gy ifus<x<1
and it is rejected if w; < x < wp. Tortorella consid-
ers earnings and maximizes a classification utility
function. Chow takes costs and minimizes the
risk, At this point there 3 no doubt of the
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correspondence between these two approaches.
According to Chow's notation, and ours, in the
case of binary classifiers such costs can be specified
by Cpp = C(1|1) and Csp = C(2[2) (costs of correct
classifications, therefore negative); Co; = C(1)2)
and Cy» = C(2{1) (costs of misclassifications, there-
fore positive) and finally a cost of rejection, ¢ = (.

The theoretical ROC curve 35 defined as a fune-
ticm of the threshold u. For eachw € [0, 1], the true
positive rate, TPR, and the false positive rate,
FPR, are defined as,

1
TPR (i) = f Fulijde and

FPR(x) = f @, (3)

where fp(x} and fi(x) are the density functions of
the univariate random variable x(x) = P(F|x) (a
function of the random vector x) conditional with
respect to each class. The ROC curve is the set of
points given by the pairs {(FPRi{u), TPRE{u).
w < [0,1]}. Fig. 1 shows an example of a theoretical
ROC curve (with a tangent line). Note that
although, in general, u < [0, 1], there are cases for
which the range of P(Gh|x) is a strict subset of this
interval, sa¥ [timin. tnax]. In these cases the points
of the ROC curve for u & [0, 1;,] all collapse at

FRAIu}

Fig. 1. Example of a theoretical ROC carve (X]& ~ W0, 1),
X Gz~ N(L 1), mp == 1/2), with the tangent line at w= I/2

the upper right point of the ROC curve and the
points for 4 € [Upnay, 1] are all coincident at the
lower left point of the BEOC curve,

The rates defined in (3) could be written in a dif-
ferent form, directly, without computing the densi-
ties fp(x) and fadx). Note that

x>u = LlGx)>u

lel(x}
AR b

= x € R, = D{u),

where R, C B* symbolize, for each u<[0,1], the
usual classification region (denoted previously as
D) for class Gy in the space of the original varia-
bles, now represented in this way to emphasise the
dependence on u. Note also that 4y =0 = R, = ¥,
u=1=R,=0 and R, DR, for every uj, uy :
0w <up= 1. As usual, suppose that the set
{x:P(G|x)=u} has null probability measure for
any of the classes and for every u : upin < ¥ < e
Then we have

TPR. () = fR filx)dx and

FPR () = ]R B, @)
On the other hand, from (3)
felu) = - %TPRI:H} and

Fdis —j—uFPR{uj.

What Tortorella showed is that the profit is maxi-
mized (or equivalently. the risk minimized) if we
choose thresholds «; and wu; such that the deriva-
tive of the ROC curve at those thresholds is,
respectively,

o Hy Co—Ca

it d

™ m Cp-G "
m. Cn—GC

My =— % . 5
o G =Cu )

Afterwards Tortorella proposed a geometrical
procedure to compute the thresholds for empirical
ROC curves. On the other hand, as we saw in Sec-
tion 2
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xehy if
M C—Cxn f]f}{ﬂ G —C;
CII—C " falx) C.—Cy’
bul:
hitx)
= me= P =
) (Gil=) 2
i m= x Y
F— g

therefore, we can conclude that the two ap-
proaches are equivalent, in a theoretical way, if
and only if the derivative of the ROC curve is

M2 I

—

1—u’
This is shown in the following proposition.

Proposition. Consider a random vecior x with
distinet probability distributions in classes &) and
(ry, specified by their densities f1(x) and f{x), with a
priovi probabilitics ny and w,. Then the derivative af
the ROC curve, {{FPRi{u), TPR(u)), ue [0,1]}, at
the point specified by uy, is given by

dTPR(u)
dFPR(u)|,_,,

]‘TJ_ i
= s Mmin = My < Ymas,
om 1—uy

WHAETE Ui, = Wi PG ) and tg,, = max, PG [ x).

Proof. First note that
dTPR (1)
dFPR()|,.,,

dTPE (k)
i i}

dTPR (i}
e

=ty

: TPE (ug+)—~TPR

B Hmy g ol .r:: (et )

- FPR (g +irj=FPRlug)
B

limy gy

Sy 0= [ i) o
I
Jy,  Aesf s

Wik

_ ].Zi.l'.l'lﬁﬂu

111]1,1,_.5 i

Ji o filx)dx— [y filx)dx

l'nlj

= ].imk_.u

_ir.q,“T.,,f?'tx Jdx — f"m falx)dx’

Consider now separately the cases A= 0 and /i < 0.
Ifh=>0, Ryw C R,

. 50 Wwe can write

/ RCES / itz

== —f filxydx, i=1,2
Bug g 4
On the other hand if A< 0, R,- D R,,.,

Filx)dx — f filx)dz

W Rndb
=f filxydz, #=1,2,
Rty

Therefore, the left and right derivatives are given
by

dTFR.{u) .Jr.ﬁ: *.,Qmmﬁ[x}d:c
dFPR(u)|,.., f,w W Salx)dx
OTPR()|  _ o Jagie i¥)
dFPR (v}, = I”M fz{r)
Mur&:o;'er.

if x € Ry N\ Rugnlh > 0),up < P(G|x) < g+ h,

if x € Ry \ Ruy(h < 0)y 0+ < P(Gy|x) < up,

and ash — 07 (h — 07), the region R, \\ Ruyn{Rugei
R,,) “shrinks” and is such that P(G;|x) tends to uy
and P(Gs|x) =1 — P(G)|x) tends to 1 — uy. Thus,
if b — 0,

e ol

P _]"anw_‘u . falx)dx

flx)P(Gilx) .
s le‘ﬂ"‘i‘qu{.h\ i dx
At I Flx)P(Galx) A
L gyt g
_Ta,
N * 1- H{r?

and similarly if k — 07, O

Remark 1. This propesition can be related to a
well known result in ROC analysis (see, e.g., van
Trees, 1968, Vol. 1, p. 44, Property 3).

Remark 2. Althcough we have showed the theo-
retical equivalence of the two approaches, the
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results may differ in a real application due to
different estimation procedures.

In this case it is straightforward to verify the
proposition:

dFPR{#)  dFPR()
dy qﬂ{

ATPR(¢) ﬁ? @{% [ln GE) R (b) ] '
1 b
2

Remark 3. Other proofs could be given for parti-
cular cases (for example, any univariate distribu-
tions, normal distributions with different means
and equal covariances, normal distributions with
equal covariances and different means, etc.). To
fix ideas we consider a simple example.

Example. Consider two bivariate normal distribu-
tions with means py=(0,0)" and = (2,007,
respectively, and equal covariance matrices £ = 1.
Then we have

Ty
PG =1 —
|: tlx} i e+ T EII:I(EJ:[ —2:]

| bin] i 1—¢

S0 we can write

TPR() = [ fi(x)dx

==

_ fi['"f%)*“'ilu}]” ] (_

» o ()
=ofz = (%) (9] +1}
Analogously,
FPR{r) = lezli-t}dr
f*['“ (&) mes] Z
x_e:p (— ':’“_;;'! dx

where @(x) 15 the cumulative distribution function
of the standard univariate normal distribution and
o(x) = exp(=x*2) is its derivative,

4. Application

In view of Remark 2 of the previous section it is
important to compare the results obtained with the
application of the methods just discussed to real
data. For that purpose we have chosen the well
known Pima Indian Diabetes dataset, also used
by Tortorella (2000). The dataset is available on
the web from the UCI Machine Learning Reposi-
tory and contains 768 labelled cases (500 healthy,
G, or negative class, N, and 268 diabetes, G; or
positive class, P) with 8 features. The a priori
probability estimates are therefore #; = 0.35 and
fra = (.65,

We have chosen three classifiers: linear discrimi-
nant analysis (LDA, that is, the Bayes classifier
assuming multivariate normal distributions with
4 common covariance matrix and parameters esti-
mated by the sample means and pooled sample
covariance matrix of the cases in the training
set), logistic discrimination (LD, see e.z. Ander-
son, 1972, 1982) and a Muly Layer Perceptron
(MLF) with 8 input units, 4 hidden units and 1
output unit (implemented with the nnet library
from s-pLUS 2000, with rang = 0.1, decay =0.01
and 20000 iterations, for details on this implemen-
tation see Venables and Ripley (2002). Each of
these classifiers provide estimates of the posterior

probability of class membership, ﬁ{Gl lx} and
ﬁl:{__)"zlle =1- F{Gzi.‘rj,
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As in Tortorella (2000) we have used 614
(=80%) randomly selected observations for train-
ing, 77 (==10%) for evaluating the ROC curves
and the remaining 77 as test set. We have also
adopted the seven combinations of costs chosen
by Tortorella (2000) and reproduced in Table 1.

When the rejection option is not considered all
the cost combinations lead to the fellowing rule:
classify in Gy (o1 F) if

CFP— CTN 1
CFP - CTN+CFN-CTP 3’

and in &7 {or V) otherwise, For each classifier and
case we then estimated, using the test set, the error
rates (false positive rate, FPR, and false negative
rate, FNR), as well as the rates of correct classifi-
cation (true positive rate, TPR =1 — FNR, and
true negative rate, TNR = | — FFR).

When the rejection option is considerad we have
to compute, for each of the two methods, two
thresholds, u; and us, such that an observation is
rejected if u, < P(Gy|x) < u,

For the method based on Chow's rule these are,
independently of the classifier, given by
_ CR-CTN _ CFFP-CR 6
“CFN-CIN' “TCrP-c1P’ (6)
For the method based on the ROC curve we ob-
tained, for each classifier, an independent estimate
of the ROC curve (using the second set of observa-
tions and eleven equidistant candidate thresholds
u=(,0.1,...,1). Then its convex hull was obtained
and from it the final thresholds, u; and us, which
are such that the corresponding slopes are as close
as possible to the values given by m; and ms de-

B(Gix) =

i

Table 1
The combinations of costs

Case CFM CFP CTN CTP CR
ey aupy a6

a 50 23 —200 —400F 12.5
b 50 25 =100 —200 12.5
[ S0 25 -5l —100 13
d 30 235 —25 —50 1235
€ 100 50 15 —50 125
f 200 100 25 —50 125
£ 400 20 ~25 -5 12.5

fined in (5). Fig. 2 shows the three ROC curves
with their convex hulls,

After obtaining the thresholds, u, and 16, by the
two methods we again classified the observations
in the test set, estimating FPR, FWNR, TPR and
TNR, as before, and also the probabilities of
rejecting a negative case, RN, and a positive case,
RP. Table 2 summarises the results. Note that for
the first four cost combinations (cases a, b, cand d)
the rejection option is not activated. This happens
not because of the failure of the necessary condi-
tion mentioned at the end of Section 2, but because
Ha = 1.

We finally estimated, again for each cost case
and classifier, the total associated risk (that 1s,
the symumetric of the utility in Tortorella, 2000).
Without rejection this risk is given by

TR = #,(CTP - TPR + CFN - FNR)
+ #(CTN - TNR + CFP - FPR),

whereas with rejection it is given by

TR, = (CTP - TPR + CFN - FNR + CR - RP)
+ #%{CTN - TNR + CFP - FFR + CR - RN}

These results are given in Table 3. Since the aim is
to minimize the risk the lowest value in each line is
shown in boldface. From the three classifiers LDA
gives the best results. When comparing the results
with and without rejection we can see that, for the
cost combinations for which the rejection option is
activated, the risk with rejection is usually smaller
than the risk without rejection (the exceptions are
LDA/Chow at case € and MLP/ROC at case f). Fi-
nally we conclude that for this example the rejec-
tion method based on Chow's rule leads to
smaller risks than the rejection method based on
the ROC curve.

5. Summary and discussion

We have reviewed Tortorella’s rejection ap-
proach for binary classifiers and compared it with
a generalisation of Chow's rule, showing the theo-
retical equivalence of the two approaches, through
an important invariance property of the derivative
of the ROC curve.
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Fig. 2. Estimated ROC curves for the Pime Indian Diabetes dataset and thres classifiers, ta) LA, (b} LT and () MLE,

Both methods include a rejection class and can
cope with a rather general cost structure, however,
Tortorella’s approach is restricted to binary classi-
fiers whereas Chow’s rule is not. Furthermore, the
first approach relies on a geometrical procedure
which consists of finding the lines with slopes given
in (5), intercepting the ROC curve and having larg-
est TPR.. Therefore the threshold values are chosen
from a discrete set (associated to the ROC convex
hull vertices). In the second approach there is not
this limitation, and the threshold values are opti-
mally derived from the cost structure. In our opin-
ion this explains why in the application considered
in Section 4 the method based on the ROC curve
gave poorer results.

To finish we want to emphasise that, for the sec-
ond approach, it is not necessary to rely on the ex-
act knowledge of the a posteriori probabilities or
the class conditional densities. It is sufficient to
have, for a given observation, an estimate of any
of those quantities, Many classifiers provide di-
rectly the estimates of the a posteriori probabilities
(e.g. neural metworks, logistic discrimination, k-
NN). In cases where it may be necessary to esti-
mate the class conditional densities we suggest,
for example, & mixture of multivariate normal den-
sities (as in Fraley and Raftery, 2003, Sec. 10,2),

In conclusion, we believe that the procedure dis-
cussed in this work can be useful for several appli-
cations. As far as our future work is concerned
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Classifler method Clage FPE. TPR FNR TNR EF RN i W
LDaA abed .34 083 0.17 .66 - - - -
Chaw © 0,23 080 117 .54 .03 (23 (2,30 0.38
i 002 a? 003 .34 30 64 oI7 0.5%
ol 02 .47 000 (13 153 0.E3 (0% 0.75
LDA abed .34 0.83 017 {166 = - - -
ROC e 62 .50 0.10 038 - - 0.20 (3,20
f .02 0.67 010 0.38 0.23 1.4 0.20 (.60
) 0.02 (.63 0.10 .38 0.27 0.60 0.20 0,70
LD abed .28 0.77 0.23 0.72 - - - -
Chow ¢ 015 037 020 0.68 003 017 0.30 38
i 0.0z 0.67 (13 0.40 0.20 .38 0.17 58
g 0.02 040 (.00 0.1% (.60 0.7% 0.09 075
LD abed 0.28 0T 23 0.72 - = = -
ROC e 0.57 0.83 017 043 - - 0,20 020
i 0.0z 0.63 014 045 .23 0.53 (3,20 0.60
E 0oz 050 13 045 037 0.53 .20 0.70
MLP abed 028 070 030 072 - - - -
Chow e (21 70 .30 068 (00 11 030 0,38
{ 01l (153 0.14 .55 0,33 34 17 058
g .00 37 0.07 036 (.56 X% 0% 0.75
MLP abed 028 .70 0.30 {72 - - - -
ROC e .32 0.7 0.30 .68 - - 0.30 (30
f Q.07 0.04 0.57 0.20 0.73 .43 020 050
g 0.07 0.00 0.00 (.00 0.53 100 .00 50
Table 3 :
Estimales of the total rsk, with and without rejection, obtained for the Pima Indims Digberer test sat
Casgs LDA LD MLF
Mo rg. Chow ROC MNa 1. Chaw RO Mo rej. Chow ROC
a —193.5 - - —192.8 - - —~13L.8 - -
I —91.5 - - —92.1 - - ~36.0 - -
« —d2.0 - - —41.8 - - —38.1 - ™
d —16.8 - - =166 - - —1d.2 - -
[ —-8.3 T4 = —B.0 -11,1 - —4.4 =1 -
f 8.5 73 —=3.7 9.1 -2z -19 15.3 29 47.5
g 428 1.0 a8 434 1.6 7 54.5 wl 213

great effort will be devoted to the development of a
new method that could take into account not only
the rejection by indecision but also a new class of
rejection for atypical observations.
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