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Package for Interval-Censored Survival Analysis
Using Turnbull’s Approach
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Abstract. Interval-censored data frequently arise in survival analysis
when the exact time of an event is unknown but is known to occur within
a specific time interval. Traditional methods like the Kaplan-Meier esti-
mator are inadequate for such data, necessitating specialized approaches.
This paper presents an R library designed to handle interval-censored
data, emphasizing the use of Turnbull’s estimator for nonparametric sur-
vival estimation. The package offers flexible functionalities, including the
calculation of survival estimates, the generation of both static and inter-
active plots, and the construction of bootstrap-based confidence bands.
Additionally, the library provides users with detailed outputs such as
Turnbull intervals and their corresponding weights, which are instru-
mental in understanding the survival distribution and serve as an ana-
logue to Kaplan-Meier weights in right-censored contexts. These weights
enable the extension of survival analysis methods to more complex mod-
els, including multi-state frameworks. The practical utility of the library
is demonstrated using real-world datasets, highlighting its potential to
support advanced survival analysis and foster the development of new
estimators beyond traditional survival probabilities.
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1 Introduction

Survival analysis is a cornerstone of statistical methodology, widely applied in
medical research, reliability engineering, and social sciences to model the time
until the occurrence of a specific event, such as system failure or disease progres-
sion [TI2I3]. While classical survival analysis methods, such as the Kaplan-Meier
estimator [4], are tailored for right-censored data -where the exact event time is
either observed or known to exceed a certain time point— many real-world sce-
narios involve more complex censoring mechanisms. One such instance is interval
censoring, where the exact time of the event is unknown, but it is known to have
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occurred within a specific time interval [5]. This type of censoring is common in
longitudinal studies, medical follow-ups, and reliability testing, where the event
of interest is only detectable at discrete inspection times.

Traditional methods like the Kaplan-Meier estimator are inadequate for interval-
censored data as they cannot account for the uncertainty within the censoring
intervals. To address this, Turnbull [6] proposed a nonparametric maximum like-
lihood estimator (NPMLE) that generalizes the Kaplan-Meier approach to han-
dle interval-censored data. The Turnbull estimator iteratively computes survival
probabilities over a set of non-overlapping intervals, known as Turnbull intervals,
and assigns corresponding weights to these intervals to construct the survival
curve. These weights serve as an analogue to Kaplan-Meier weights in right-
censored data, facilitating further statistical analysis and enabling extensions to
more complex models, such as multi-state frameworks.

Despite its theoretical robustness, the practical application of the Turnbull es-
timator remains challenging, particularly when it comes to integrating confidence
bands, conducting bootstrap procedures, or visualizing results interactively. Ex-
isting R packages provide partial solutions for analyzing interval-censored data.
The widely used survival package offers foundational tools like Kaplan-Meier
and Cox proportional hazards models but lacks native support for interval cen-
soring. The interval package implements both parametric and nonparametric
methods tailored for interval-censored data, while icenReg extends this func-
tionality by supporting flexible parametric and semiparametric regression mod-
els. Additionally, intcox adapts the Cox model for interval-censored data, and
Icens focuses on nonparametric estimation and allows for multiple imputation
strategies to handle censoring uncertainty.

However, these tools often lack features that facilitate comprehensive survival
analysis, such as the ability to compute bootstrap confidence bands and not
all directly extract Turnbull intervals and their corresponding weights. These
components are crucial for extending survival analysis to more complex contexts,
such as multi-state models, and for enabling the development of novel statistical
estimators.

To address these gaps, this paper introduces the survivalTB package, an R
library designed specifically for interval-censored survival data. The package fo-
cuses on enhancing user accessibility and analytical flexibility by providing tools
for: (i) Estimating survival functions using Turnbull’s estimator, (ii) Computing
bootstrap-based confidence bands, (iii) Extracting Turnbull intervals and their
corresponding weights, (iv) Generating both static and interactive survival plots.

The survivalTB package aims to simplify complex survival analysis tasks
while maintaining methodological rigor, offering a valuable resource for researchers
and practitioners dealing with interval-censored data.

The remainder of this paper is organized as follows. Section 2 provides a
detailed overview of interval censoring, Turnbull’s estimation process, and the
core functionalities of the survivalTB package. Section 3 illustrates the practical
application of the package using a real biomedical dataset, demonstrating its
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capabilities and benefits. Finally, Section 4 presents concluding remarks and
potential directions for future work.

2 Methods

2.1 Survival function estimation

The survival function represents the probability that an individual or object
survives beyond a given time. It can be estimated using empirical methods
like the Kaplan-Meier estimator or modeled through parametric distributions
such as the exponential or Weibull distribution. The Kaplan-Meier estimator
is a widely used nonparametric method for estimating survival probabilities in
right-censored data. It calculates the conditional probability of survival at each
observed event time and produces a stepwise survival function [4].

This estimator provides a clear visualization of survival probabilities over
time and adjusts for censoring by incorporating observed event times. The Kaplan-
Meier estimator can be modified to incorporate weights, allowing for adjustments
in cases where some data points hold greater significance due to measurement
reliability or frequency. This weighted approach helps address unbalanced data
and complex censoring scenarios. However, its effectiveness may be limited when
event times remain largely unknown.

Interval censoring arises when the exact time of an event is unknown, but it is
known to have occurred within a specific time interval. This situation is common
in clinical trials, reliability studies, and longitudinal surveys, where observations
are made at discrete inspection times rather than continuously. In contrast to
right-censoring, where the event time is only known to exceed a certain point,
interval-censoring adds complexity as the true event time lies somewhere within
an interval, introducing greater uncertainty into the survival analysis.

Formally, let T be a non-negative random variable representing the event
time, and assume that each individual ¢ has an associated observation interval
[L;, R;) such that L; < T; < R;. If R; = oo, the observation is right-censored,
while if L; = R;, the event time is known exactly.

The challenge in interval-censored data lies in estimating the survival func-
tion:

S(t) = P(T > t)

without observing the exact event times. Standard methods like the Kaplan-
Meier estimator are insufficient in this context, motivating the use of the Turnbull
estimator.

2.2 Turnbull Estimator

The Turnbull estimator [6] extends the Kaplan-Meier estimator to interval-
censored data using a nonparametric maximum likelihood approach (NPMLE).
It is specifically designed to handle the uncertainty introduced by interval cen-
soring by incorporating likelihood contributions from both exact and interval-
censored observations.
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Construction of Turnbull Intervals The first step in applying the Turnbull
estimator involves determining the set of disjoint intervals, known as Turnbull
intervals, over which the survival function will be estimated. These intervals are
derived from the union of all observed censoring intervals. Let Z = {[L;, R;)},
represent the set of all observation intervals. The Turnbull intervals are formed
by taking the distinct endpoints from Z, ordering them, and constructing non-
overlapping intervals covering the support of 7'

These intervals are determined from the set of all left and right endpoints
I; = [u;,v;), where u; corresponds to a left endpoint and v; to a right endpoint,
ensuring that no other endpoint exists between them.

Likelihood Function and Weights The NPMLE is obtained by maximizing
the likelihood function over the discrete distribution of event times across the
Turnbull intervals. Let p; denote the probability that the event occurs in interval
1.

For each interval I; = [uj,v;), the probability mass p; , representing the
probability that the event time 7' falls within that interval, is defined as p; =
P(u; <T < wv;). These probabilities must satisfy:

m—1

=1
The likelihood contribution for an observation ¢ with censoring interval [L;, R;)
is:
L= >
J:I;C[Li,Ry)

The total log-likelihood for the sample is:

L= Z log Z D
i=1

J: I C[Li,Rq)

Maximizing this likelihood is typically achieved using the Expectation-Maximization
(EM) algorithm. The iterative steps are as follows:

E-step: Compute the expected number of events in each interval I; based
on the current estimates of p;:

n
iler cin. R,
Ej _ Z Pj {I;C[Li,R:)}
=1 Zk:IkC[Li,Ri)pk
M-step: Update the probability estimates:

) _ Ej
p; = ;

These steps are repeated until convergence, typically when the change in the
log-likelihood between iterations falls below a predefined threshold.
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Estimating the Survival Function Once the weights p; for each Turnbull
interval are obtained, the survival function is estimated as a step function. The
survival probability at the right endpoint of each interval ¢; is given by:

This step function decreases at the endpoints of the Turnbull intervals, similar
in structure to the Kaplan-Meier curve but adapted for the interval-censored
data.

Properties and Interpretation The Turnbull estimator is a nonparametric
and consistent estimator for the survival function under interval censoring. The
weights p; represent the estimated proportion of failures within each Turnbull
interval and play a role analogous to the Kaplan-Meier jump sizes at exact event
times. The flexibility of the estimator allows it to accommodate various forms
of censoring, including right-censoring and exact observations.

Confidence intervals for the survival estimates can be obtained using boot-
strap resampling techniques, providing additional measures of uncertainty in the
survival estimates.

3 The survivalTB package

The survivalTB package provides a comprehensive and flexible workflow for
conducting interval-censored survival analysis. It offers functions to preprocess
interval-censored data, estimate survival functions using Turnbull’s estimator,
compute bootstrap-based confidence intervals, and create both static and in-
teractive visualizations. The package is designed to address the complexities
inherent in interval-censored data, which frequently arise in clinical trials, epi-
demiological studies, and reliability engineering. Its implementation in R ensures
reproducibility and seamless integration with other statistical packages, promot-
ing efficient data analysis workflows.

The core functionality of the package is structured around three main func-
tions:

— TNBintervals: Estimates survival distributions for interval-censored data
using Turnbull’s estimator, with optional bootstrap replications for confi-
dence interval estimation.

— TNBsurvival: Provides time-specific survival estimates and allows for the
calculation of confidence intervals at user-defined confidence levels.

— plot.TB and plot.TBL: Facilitate the visualization of survival curves, with
plot.TB using base R graphics and plot.TBL offering interactive, Plotly-
based visualizations.
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These functions enable users to handle interval-censored survival data effi-
ciently while providing flexibility in analysis and presentation.
A detailed summary of the arguments for each function is presented in Ta-

bles and

Argument Description

left Numeric vector of left interval boundaries.

right Numeric vector of right interval boundaries (can include NA for right-
censored data).

nboot Integer specifying the number of bootstrap replications. Default is 1

(no bootstrap).
Table 1. Summary of the arguments for the function TNBintervals.

Argument Description

data A list containing survival estimates (output of TNBintervals).

times Numeric vector of time points for which survival estimates are required.

conf Logical indicating whether to calculate confidence intervals. Default is
FALSE.

conf.level Numeric value specifying the confidence level for intervals (e.g., 0.95
for 95%). Default is 0.95.
Table 2. Summary of the arguments for the function TNBsurvival.

4 Example of application

This section provides a practical demonstration of the survivalTB package,
available on the CRAN repository [7]. We illustrate its application using a
dataset from the landmark study by []], a pivotal work in diabetes epidemi-
ology. This study established a strong link between diabetic kidney disease and
increased mortality, highlighting proteinuria in Type 1 diabetes as a significant
predictor of death. The findings emphasized the critical role of kidney damage
(diabetic nephropathy) in elevating mortality rates among diabetic patients and
underscored the importance of early detection and management of renal com-
plications. The study has profoundly influenced subsequent research and clinical
guidelines on nephropathy prevention, leading to advancements in glucose and
blood pressure control strategies to delay or prevent kidney disease in diabetes.

4.1 Loading the Package and Exploring the Data

To demonstrate the use of survivalTB, we utilize the bcos dataset from the
interval package, which contains interval-censored survival times for breast
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Argument Description

X A list containing survival estimates (output of TNBintervals).
conf Logical indicating whether to include confidence bands. Default is
FALSE.

conf.level Numeric value specifying the confidence level for the bands (e.g., 0.95
for 95%). Default is 0.95.

main Character string specifying the title of the plot.

xlab Character string for the x-axis label.

ylab Character string for the y-axis label.

line.col Character string specifying the color of the survival curve. Default is
"blue".

showlegend Logical indicating whether to display the legend. Default is TRUE.

main.line Character string for the label of the main survival curve in the plot
legend. Default is "survival".

filled Character string for the label of the confidence interval ribbon in the
legend. Default is "CI".

line.width Numeric value specifying the line width for the survival curve. Default
is 2.

fillcolor Character string specifying the color for the confidence band fill (e.g.,
"rgba(128, 128, 128, 0.3)"). Default is grey.
Additional graphical parameters.

Table 3. Summary of the arguments for the function plot.TBL.

7

cancer patients. This dataset is frequently used in survival analysis for interval-
censored data and was originally described by Finkelstein and Wolfe (1985) [9].
The dataset consists of 94 observations and includes the following variables:

— left: The left boundary of the time interval during which the event was

observed or censored.

— right: The right boundary of the time interval. If right is Inf, the obser-

vation is right-censored.

— treatment: Indicates the type of treatment received, either radiotherapy

alone (Rad) or combined radiotherapy and chemotherapy (RadChem).

We begin by loading the survivalTB package and importing the bcos dataset:

bcos <- interval::bcos
head(bcos)

O WN

The first few records of the dataset are:

left right treatment

45 Inf Rad
6 10 Rad
0 7 Rad

46 Inf Rad

46 Inf Rad

7 16 Rad
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In this dataset:

— The left and right columns define the time interval during which the event
was observed or censored.

— If left and right are equal, the event occurred at that exact time.

— If right is Inf, the observation is right-censored, indicating that the event
had not occurred by the end of the observation period.

Examining the first few rows, we observe different types of censoring:

— Interval Censoring: For example, the second observation (left = 6, right
= 10) indicates that the event occurred at some point between day 6 and
day 10.

— Right Censoring: Observations like the first (left = 45, right = Inf)
indicate that the event had not occurred by day 45, and the patient was still
event-free at the end of the follow-up.

The bcos dataset serves as a classic example for demonstrating methods in
survival analysis with interval-censored data. The original study by Finkelstein
and Wolfe (1985) investigated the survival times of breast cancer patients under
different treatment regimens, focusing on the effectiveness of radiotherapy alone
versus combined radiotherapy and chemotherapy. This dataset has since been
widely used to illustrate and compare statistical methods tailored to handle
interval-censored survival data.

The mixed censoring patterns present in the dataset (both interval and
right censoring) make it particularly useful for evaluating the flexibility and
performance of survival analysis techniques, such as those implemented in the
survivalTB package.

4.2 Estimating the Survival Function

The TNBsurvival package enables estimation of survival probabilities from interval-
censored data, supports bootstrap replication, and provides visualization tools.

To obtain survival estimates and generate the corresponding plots, it is es-
sential to first use the TNBintervals function. This function identifies the set of
all Turnbull intervals —the non-overlapping intervals used in the Turnbull esti-
mator for interval-censored data. Additionally, it calculates the weights assigned
to each Turnbull interval, which are crucial for deriving survival estimates.

library(tbdata)
tbdata <- TNBintervals(bcos$left, bcos$right, nboot = 500)
tbdata$original

left right weight survival
1 4 5 0.0449 0.9551
2 6 7 0.0226 0.9325
3 7 8 0.0560 0.8765
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4 11 12 0.0790 0.7975
5 16 17 0.0605 0.7370
6 18 19 0.0216 0.7154
7 19 20 0.1441 0.5713
8 24 25 0.0497 0.5216
9 30 31 0.0911  0.4305
10 38 39 0.1264 0.3041
11 46 48 0.1869 0.1172
12 48 60 0.1170 0.0002

The output includes:

— Turnbull intervals (left and right columns).

Weights indicating the weight attached to each Turnbull interval.
Cumulative survival estimates reflecting the survival probability up to
each interval.

We can compute survival probabilities at specific time points using the TNBsurvival ()
function:

times <- c(5, 10, 15, 20, 25, 30, 40, 45, 50)

est <- TNBsurvival(data = tbdata, times = times, conf = TRUE,
conf.level = 0.95)

print(est)

The resulting survival estimates are:

time survival ci_lower ci_upper

1 5 0.95561 0.8951200 1.0000000
2 10 0.8765 0.8073350 0.9423600
3 15 0.7975 0.6939475 0.8776575
4 20 0.5713 0.4509125 0.7043875
5 256 0.5216 0.4234750 0.6416075
6 30 0.5216 0.3765175 0.6279675
7 40 0.3041 0.1888325 0.4364175
8 45 0.3041 0.1888325 0.4320300
9 50 0.0977 0.0000000 0.3350450

4.3 Visualizing the Survival Curve

To visualize the survival curve and include confidence bands, we use the plot ()
function:

plot(tbdata, conf = TRUE, conf.level = 0.95)

The plot displays the estimated survival curve alongside 95% confidence
bands, enhancing the interpretability of the results.

This visualization enables users to explore survival probabilities over time,
offering insights into the progression of the event of interest.
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Fig. 1. Estimated survival curve using the Turnbull Estimator with 95% confidence
bands.

5 Applications Beyond Survival Curves

In recent years, several methods have been proposed in the literature for es-
timating key quantities in multi-state models, including the state occupation
probabilities and transition probabilities. Notably, the work of Utia-Alvarez and
Meira-Machado (2015) [I0], published in Biometrics, introduced innovative tech-
niques for estimating these probabilities under right-censored data. However,
most of these methods are designed specifically for right-censored datasets and
do not readily extend to interval-censored scenarios. Furthermore, the existing
literature on multi-state models under interval censoring remains sparse, leaving
a significant gap in methodological development.

Many of the existing methods for right-censored data rely on the Kaplan-
Meier estimator or the associated Kaplan-Meier weights to derive occupation
and transition probabilities. While effective in right-censored contexts, these
methods cannot be directly applied to interval-censored data due to the inherent
uncertainty in event times. However, the principles underlying these approaches
can be adapted by substituting the Kaplan-Meier estimator with the Turnbull
estimator and using the weights assigned to the Turnbull intervals. This sub-
stitution allows for the extension of existing multi-state analysis methods to
interval-censored data, enabling more comprehensive and accurate modeling.

The survivalTB package provides researchers with the necessary tools to
implement these adaptations. By offering access to both the survival estimates
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and the detailed structure of the Turnbull intervals along with their associated
weights, the package equips users with the essential components needed for de-
veloping and applying advanced estimation methods in multi-state models under
interval censoring.

Moreover, the versatility of the survivalTB package extends beyond simple
survival analysis. Its functionalities can be applied to more complex frameworks,
including recurrent event models and competing risks, broadening its utility
across a range of research fields. Ongoing work is also focused on adapting and
extending existing multi-state methods to fully accommodate interval-censored
data, aiming to close the current methodological gaps and provide researchers
with more robust analytical tools.

6 Conclusion

The survivalTB package provides a robust and user-friendly framework for con-
ducting survival analysis with interval-censored data. Leveraging Turnbull’s esti-
mator and bootstrap resampling techniques, it supports accurate survival prob-
ability estimation while offering tools for intuitive and interactive data visualiza-
tion. Its comprehensive feature set makes it a valuable resource for researchers
and practitioners in medical, epidemiological, and reliability studies.
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