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Abstract. HIV is known for causing the destruction of the immune system by affecting
different types of cells, while SARS-CoV-2 is an extremely contagious virus that leads to
the development of COVID-19. Understanding how these two viruses interact in coinfected
individuals is essential, especially in populations under antiretroviral treatment. In this
study, we develop and analyze a novel mathematical model capturing the coinfection dy-
namics of HIV and SARS-CoV-2 under the influence of highly active antiretroviral therapy
(HAART). In contrast to previous models, our formulation includes the effect of HAART
on both infections and derives the basic reproduction numbers for each virus. We prove
that transcritical bifurcations occur when the basic reproduction numbers cross the thresh-
old value of 1, and we establish the conditions for stability of the disease-free equilibria.
Numerical simulations show that HAART, although designed to control HIV, also reduces
SARS-CoV-2 proliferation in coinfected hosts, which, as far as we know, has not been fully
addressed in previous models in the literature. These findings reveal a potentially beneficial
indirect effect of antiretroviral therapy on SARS-CoV-2 dynamics, offering new theoretical
insights into the control of viral coinfections.
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1. Introduction

The first official case of CoViD-19 in China emerged in December 2019 and was

linked to the Huanan seafood market, in Wuhan [9]. Since then SARS-CoV-2 has

reached 219 countries and territories having infected more than 775 million people,

thus becoming a global pandemic and causing more than 7 million deaths world-

wide [24]. The most frequently noticed symptoms in infected people are fever, cough

and respiratory disorders [19], [23]. The most affected people are elderly and adults
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over 60 years old and/or those with comorbidities, such as obesity, diabetes, onco-

logical diseases, heart problems, among others [2], [13], [17].

HIV continues to be a global health challenge, with 42.3 million deaths to date and

ongoing transmission around the world. According to the World Health Organization

(WHO), at the end of 2023, around 39.9 million people were living with HIV, of whom

approximately 75% have access to antiretroviral treatment [3] and 65% of them in

the WHO African Region. That same year, 1.3 million new infections were recorded

and 630 000 people died from HIV-related causes. Although there is no cure for

HIV, access to prevention, diagnosis and treatment helps people manage the virus as

a long-term disease. World health organizations are working to end the HIV epidemic

by 2030 [25].

Coinfection by HIV and SARS-CoV-2 raises a significant public health concern,

since both diseases affect the immune system in distinct and complex ways. HIV

progressively weakens the body’s immune defenses, while SARS-CoV-2 can trigger

severe and potentially dysregulated immune responses. In seropositive individuals,

the interaction between these two viruses can aggravate the clinical progression of

COVID-19 [8], increase susceptibility to opportunistic infections and affect the effec-

tiveness of antiviral treatments.

From a mathematical perspective, studying the dynamics of this coinfection is es-

sential to understanding how the two viruses interact and impact the health outcomes

of patients. Mathematical models allow us to explore the progression of infection in

specific populations, predict outbreak scenarios and assess the impact of different

interventions, such as combination therapies and vaccination campaigns [5], [15].

For individuals living with HIV and contracting COVID-19, these models are par-

ticularly valuable since they help identify factors that can exacerbate the clinical

picture and assist in the design of more effective treatment strategies, both from an

immunological and epidemiological point of view [8], [14].

State of the art.1 In 2022, Mekonena and Obsu [12] analyzed a model for

TB-COVID-19 coinfection, compartmentalizing the population into seven classes.

The authors computed the basic reproduction numbers for each disease, showing

that the disease-free and endemic equilibria remain stable (or unstable) if these

numbers are lower (or higher) than one. The sensitivity analysis suggested that

reducing contact rates and increasing the speed of transitions from latent to infected

can reduce the spread of both diseases.

In 2022, Batu et al. [4] developed a mathematical model to study the impact

of intervention strategies and identify mortality risk factors in seropositive people

infected with COVID-19. Numerical simulations, based on data from Ethiopia, re-

1Other relevantmodels can be found in the literature; only key examples are presented here.
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vealed that vaccination against COVID-19 and increased treatment rates reduce cases

of coinfection and the risk of mortality for HIV-infected individuals, underlining the

importance of vaccination programs and medical interventions.

In 2024, Vemparala et al. [22] studied a model based on HIV-1 control and remis-

sion through mathematical modeling. The authors explored the mechanisms behind

natural and post-treatment control of HIV-1, assessed the potential causes of loss

of control and quantified the effects of intervention. Their work highlights both the

progress achieved in the optimization of the intervention and the ongoing challenges

in applying these results in practical contexts.

During the same year, Chen et al. [6] studied an HIV virus-cell model with intracel-

lular delays, focusing on the interactions between wild-type and drug-resistant HIV

strains. The authors set stability criteria based on the basic reproduction number

and analyzed Hopf bifurcations, finding that interactions between two strains lead to

more complex dynamics, including higher viral loads and potential instability. They

found that drug resistance influences the wild-type strain’s survival, with an impact

on HIV transmission.

Novelty and contribution. Although previous works have examined the dy-

namics of coinfection, none of them provide a rigorous mathematical analysis of HIV

and SARS-CoV-2 coinfection under antiretroviral treatment. Furthermore, contri-

butions such as [6] and [22] focus mainly on HIV dynamics or resistance within

HIV strains, without addressing the added complexity of a coinfection system. In

contrast, our work proposes and analyses a novel mathematical model that includes

both HIV and SARS-CoV-2 dynamics under the effect of HAART. We derive analyt-

ical expressions for the basic reproduction numbers, study transcritical bifurcations

in each submodel and determine the conditions for the stability of the disease-free

equilibrium of the complete system. This provides theoretical evidence of a positive

indirect effect of HAART on coinfection control, which to our knowledge has not

been fully addressed in previous modeling literature.

Article structure. We describe the model and the population dynamics in Sec-

tion 2. In Section 3 we prove the positivity and boundedness of the solutions of the

coinfection model, analyze the equilibria of the HIV and SARS-CoV-2 submodels

and their basic reproduction numbers. We also present our main results, followed by

their proofs in Sections 5 and 6. In Section 4 we carry out a sensitivity analysis of

the parameters that constitute the basic reproduction numbers for each submodel.

We perform several numerical simulations in Section 7, and in Section 8 we present

our conclusions and discuss potential future work.

With this work we aim to understand how HAART therapy affects the dynamics

of viral load and cells infected with SARS-CoV-2. For this purpose, we will first
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perform an analytical study of the model before exploring the interaction of both

viruses in the presence of HAART through numerical simulations.

2. Model formulation

The model we propose is subdivided into four cell populations (cell population PC):

T : number of healthy/target cells susceptible to infection;

IH : number of cells that are currently infected by HIV;

IS : number of cells that are currently infected by SARS-CoV-2;

C: number of cells that are currently coinfected by HIV and SARS-CoV-2,

and two classes of virus (virus population PV ):

VH : HIV viral load;

VS : SARS-CoV-2 viral load.

Let

(1) Ẋ = F(X) ⇔











































Ṫ = λ− k1(1− εRT )TVH − k2TVS − µT,

İH = k1(1− εRT )TVH − k2IHVS − µIH ,

İS = k2TVS − k1(1− εRT )ISVH − µIS ,

V̇H = nH(1− εP )µIH − σHVH ,

V̇S = nSµIS − σSVS ,

Ċ = k1(1− εRT )ISVH + k2IHVS − µC

be the nonlinear system of ODE that modulates the interaction between cells and

virus, where

X(t) = (T (t), IH(t), IS(t), VH(t), VS(t), C(t)),

Ẋ = (Ṫ , İH , İS , V̇H , V̇S , Ċ) =

(

dT

dt
,
dIH
dt

,
dIS
dt

,
dVH
dt

,
dVS
dt

,
dC

dt

)

,

and

Ψ = {(λ, k1, k2, µ, εRT , εP , nH , nS , σH , σS) ∈ (R+)10}

is the set of parameters of (1). The vector field associated to (1) will be called F

and the associated flow is

ψ(t, (T0, IH0, IS0, VH0, VS0, C0)), t ∈ R
+
0 , (T0, IH0, IS0, VH0, VS0, C0) ∈ (R+

0 )
6.

Model assumptions. The model was developed specifically for this study. It ex-

tends classical virus-host interaction models by incorporating the dynamics of HIV
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and SARS-CoV-2 coinfection under the effect of HAART. The main assumptions

reflect established biological knowledge: HAART reduces HIV replication and pro-

motes immune recovery, which in turn may potentially limit the availability of sus-

ceptible cells for SARS-CoV-2 infection.

Dynamics and interpretation of the constants. The constant production

rate of healthy T cells is given by λ. Healthy T cells are infected by HIV and SARS-

CoV-2 at a rate k1 and k2, respectively. The parameter 0 6 εRT 6 1 represents the

efficacy of reverse transcriptase inhibitors (RTI), reaching 100% effectiveness when

εRT = 1. Similarly, 0 6 εP 6 1 denotes the efficacy of protease inhibitors (PI), with

εP = 1 indicating full effectiveness. HIV and SARS-CoV-2 are produced by infected

cells with the bursting size nH and nS , respectively. The natural death rates of T ,

IH , IS and C cells are given by µT , µH , µS and µC , respectively. However, for

convenience in algebraic calculations, we will assume an equal natural death rate µ

for all cells. The death rate of HIV is given by σH . The viral load of SARS-CoV-2

dies at a rate σS . The description and value of these parameters can be found in

Table 2 and the dynamics of the cell and virus populations are given by

(2) PC(t) = T (t) + IH(t) + IS(t) + C(t)

and

(3) PV (t) = VH(t) + VS(t),

respectively. Figure 1 illustrates a diagram depicting the interactions among PC(t)

under the HIV and SARS-CoV-2 viral loads. Moreover, the dynamics of all classes

of (1) are given by

N(t) = PC(t) + PV (t) = T (t) + IH(t) + IS(t) + VH(t) + VS(t) + C(t).

T I
H

I
S C

e

e

Figure 1. Diagram of the interactions between T , IH , IS and C cells of system (1) under
the influence of the viral loads HIV and SARS-CoV-2.
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3. Properties of the model and main results

In this section we prove that all solutions of system (1) are positive and bounded.

Moreover, we analyze two submodels, HIV and SARS-CoV-2, derived from sys-

tem (1).

Positivity and boundedness of solutions.

Theorem 1. The solutions for T , IH , IS , VH , VS and C of model (1) are nonneg-

ative and remain bounded for all t > 0 within the biologically feasible region defined

by the set

Ω =

{

(T, IH , IS , VH , VS , C) ∈ (R+
0 )

6 : 0 6 PC 6
λ

µ
,

0 6 PV 6
nH(1− εP )µI

max
H + nSµI

max
S

σ

}

.

P r o o f. For the active population and virus of system (1) we have

dT

dt

∣

∣

∣

T=0
= λ > 0,

dIH
dt

∣

∣

∣

IH=0
= k1(1− εRT )TVH > 0,

dIS
dt

∣

∣

∣

IS=0
= k2TVS > 0,

dVH
dt

∣

∣

∣

VH=0
= nH(1− εP )µIH > 0,

dVS
dt

∣

∣

∣

VS=0
= nSµIS > 0,

dC

dt

∣

∣

∣

C=0
= k1(1− εRT )ISVH + k2IHVS > 0.

This demonstrates that (R+
0 )

6 is positively invariant. Now, if we prove that PC

and PV are both bounded, then N is bounded. Consequently, each population and

virus is bounded. Hence, from (2) we have:

ṖC = Ṫ + İH + İS + Ċ

= λ− k1(1− εRT )TVH − k2TVS − µT

+ k1(1− εRT )TVH − k2IHVS − µIH

+ k2TVS − k1(1− εRT )ISVH − µIS

+ k1(1− εRT )ISVH + k2IHVS − µC
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= λ− µ(T + IH + IS + C)

= λ− µPC .

Using the classical differential version of Gronwall’s Lemma, we have

PC(t) 6 PC0e
−µt −

λ

µ
(e−µt − 1),

from where we conclude that

0 6 lim
t→∞

PC(t) 6 lim
t→∞

[

PC0e
−µt −

λ

µ
(e−µt − 1)

]

=
λ

µ
.

Then T , IH , IS and C are bounded. From (3) we write PV as:

ṖV = V̇H + V̇S = nH(1− εP )µIH − σHVH + nSµIS − σSVS .

Let us consider σH = σS = σ. Since IH and IS are bounded, then we use I
max
H

and Imax
S for the maximum values. Hence, rewriting ṖV we get

ṖV = nH(1− εP )µI
max
H + nSµI

max
S − σ(VH + VS)

= nH(1− εP )µI
max
H + nSµI

max
S − σPV ,

and making use of the classical differential version of Gronwall’s Lemma, we get

0 6 lim
t→∞

PV (t) 6 lim
t→∞

[

PV 0e
−σt −

nH(1− εP )µI
max
H + nSµI

max
S

σ
(e−σt − 1)

]

⇔ 0 6 lim
t→∞

PV (t) 6
nH(1− εP )µI

max
H + nSµI

max
S

σ
.

Then, VH and VS are bounded and the Theorem is proved. �

We compute the basic reproduction number of HIV and SARS-CoV-2 submodels.

Submodel analysis. In the context of this work, the basic reproduction num-

ber R0 is the number of secondary infections due to a single infected cell in a sus-

ceptible healthy cell population [21].

HIV submodel. There is no SARS-CoV-2, imposing IS = VS = C = 0:

(4) ẋhiv = f(xhiv) ⇔











Ṫ = λ− k1(1− εRT )TVH − µT,

İH = k1(1− εRT )TVH − µIH ,

V̇H = nH(1− εP )µIH − σHVH

with xhiv = (T, IH , VH) ∈ (R+
0 )

3.
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SARS-CoV-2 submodel. There is no HIV, imposing IH = VH = C = 0:

(5) ẋsars = f(xsars) ⇔











Ṫ = λ− k2TVS − µT,

İS = k2TVS − µIS ,

V̇S = nSµIS − σSVS

with xsars = (T, IS , VS) ∈ (R+
0 )

3. The vector field associated to (4) and (5) is denoted

by f(xhiv) and f(xsars), respectively. Their flows are

ψhiv(t, (T0, IH0, VH0)), t ∈ R
+
0 , (T0, IH0, VH0) ∈ (R+

0 )
3

and

ψsars(t, (T0, IS0, VS0)), t ∈ R
+
0 , (T0, IS0, VS0) ∈ (R+

0 )
3,

respectively. Using the same method as in [21] we compute the basic reproduction

number for (4) and (5). The disease-free equilibrium of system (4) is given by:

Ehiv = (Thiv, IHhiv, VHhiv) =

(

λ

µ
, 0, 0

)

.

The matrix Fhiv is the matrix where the entries represent the new HIV infections

and the matrix Vhiv represents the remaining terms:

Fhiv =

(

0 k1(1− εRT )Thiv
0 0

)

, Vhiv =

(

µ 0

−nH(1− εP )µ σH

)

.

Then through [21], Lemma 1, the basic reproduction number associated to model (4)

is given by

(6) Rhiv = ̺(FhivV
−1
hiv ) =

k1nH(1− εRT )(1− εP )λ

µσH
,

where ̺ indicates the spectral radius of FhivV
−1
hiv . The disease-free equilibrium of

system (5) is given by

Esars = (Tsars, ISsars, VSsars) =

(

λ

µ
, 0, 0

)

.

The matrix Fsars is the matrix, where the entries represent the new SARS-CoV-2

infections and the matrix Vsars represents the remaining terms:

Fsars =

(

0 k2Tsars

0 0

)

, Vsars =

(

µ 0

−nSµ σS

)

.
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Therefore, through [21], Lemma 1, the basic reproduction number associated to

model (5) is given by

(7) Rsars = ̺(FsarsV
−1
sars) =

k2nSλ

µσS
,

where ̺ indicates the spectral radius of FsarsV
−1
sars.

Main results. Let Ee
hiv and E

e
sars be the endemic equilibria of (4) and (5),

respectively. We set the following results:

Theorem 2. Let Rhiv and Rsars be the basic reproduction numbers of HIV and

SARS-CoV-2 submodels, respectively. Therefore,

(i) Ee
hiv undergoes a transcritical bifurcation at Rhiv = 1, and lies in the interior

of the first octant if Rhiv > 1;

(ii) Ee
sars undergoes a transcritical bifurcation at Rsars = 1, and lies in the interior

of the first octant if Rsars > 1.

Now, let R0 be the basic reproduction number and EDFE be the disease-free

equilibrium of the full model (1).

Theorem 3. The basic reproduction number of model (1) is equal to R0 =

max{Rhiv,Rsars}. Moreover, the disease-free equilibrium point EDFE is locally

asymptotically stable when R0 < 1. Otherwise it is unstable.

In Section 5 and Section 6 we present the proof of Theorem 2 and Theorem 3,

respectively.

4. Sensitivity analysis of Rhiv and Rsars

Sensitivity indices are used to evaluate how a variable varies in response to changes

in a given parameter. These indices represent the ratio between the relative change

in the variable and the relative change in the parameter. In the case where the

variable v is a differentiable function of the parameter p, the sensitivity index can

be computed using partial derivatives as follows [7], [10]:

ϕv
p =

∂v

∂p
×
p

v
.

When considering the specific case of the basic reproduction number R, we have:

ϕR

p =
∂R

∂p
×
p

R
.
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We compute the signs of the sensitivity indices related to Rhiv and Rsars and we

present them in Table 1.

Index Sensitivity index sign (Rhiv) Index Sensitivity index sign (Rsars)

ϕRhiv

k1
+1 ϕRsars

k2
+1

ϕRhiv

nH
+1 ϕRsars

nS
+1

ϕRhiv

εRT
−

εRT

1− εRT
< 0

ϕRhiv

εP −
εP

1− εP
< 0

ϕRhiv

λ +1 ϕRsars

λ +1

ϕRhiv

µ −1 ϕRsars

µ −1

ϕRhiv

σH
−1 ϕRsars

σS
−1

Table 1. Sensitivity indices for the parameters of Rhiv and Rsars.

The transmission rates k1 and k2 contribute to the increase in the basic reproduc-

tion number of HIV and SARS-CoV-2, respectively. The parameters nH , nS and λ

have the same effect on the respective basic reproduction numbers. On the other

hand, the parameters relating to treatment and mortality rates of infected cells and

viruses have the opposite effect, i.e., increasing the values of these parameters has

a retarding effect on the basic reproduction number of the respective viruses.

5. Proof of Theorem 2

With respect to the HIV submodel (4), through Theorem 2 of [21], we obtain the

following lemma:

Lemma 1. If Rhiv < 1, then the disease-free equilibrium point Ehiv of (4) is

locally asymptotically stable. Otherwise it is unstable.

P r o o f. Let

(8) Jhiv =





−k1(1− εRT )VHhiv − µ 0 −k1(1− εRT )Thiv
k1(1− εRT )VHhiv −µ k1(1− εRT )Thiv

0 nH(1− εP )µ −σH





=











−µ 0 −
k1(1− εRT )λ

µ

0 −µ
k1(1− εRT )λ

µ
0 nH(1− εP )µ −σH










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be the matrix of linearization of model (4) around Ehiv. Then the associated eigen-

values are:

ϕ1 = −µ,

ϕ2 =
−(σH + µ) +

√

4nHλ(1− εRT )(1− εP )k1 + (µ− σH)2

2
,

ϕ3 =
−(σH + µ)−

√

4nHλ(1− εRT )(1− εP )k1 + (µ− σH)2

2
.

It is trivial to see that the eigenvalues ϕ1 and ϕ3 have negative real part. Regarding

the eigenvalue ϕ2, it has negative real part if

−(σH + µ) +
√

4nHλ(1− εRT )(1− εP )k1 + (µ− σH)2 < 0

⇔ 4nHλ(1− εRT )(1− εP )k1 + (µ− σH)2 < (σH + µ)2

⇔ k1nH(1− εRT )(1− εP )λ < µσH
(6)
⇔ Rhiv < 1.

Hence, ϕ2 < 0 and all eigenvalues have negative real part if Rhiv < 1. This proves

Lemma 1. �

Now, computing Ee
hiv, we get

Ee
hiv = (T e

hiv, IH
e
hiv, VH

e
hiv),

where

T e
hiv =

σH

nHk1(1− εRT )(1− εP )
,

IH
e
hiv =

nHk1λ(1− εRT )(1− εP )− µσH

nHµk1(1− εRT )(1− εP )
,

VH
e
hiv =

nHk1λ(1− εRT )(1− εP )− µσH

k1σH(1− εRT )
.

Ee
hiv lies in the interior of the first octant if T

e
hiv, IH

e
hiv and VH

e
hiv are positive. It is

clear that T e
hiv > 0. Since nHk1λ(1 − εRT )(1 − εP ) − µσH > 0, we have IH

e
hiv > 0

and VH
e
hiv > 0. Hence,

nHk1λ(1− εRT )(1− εP )− µσH > 0

⇔
nHk1λ(1− εRT )(1− εP )

µσH
> 1

(6)
⇔ Rhiv > 1,
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and Ee
hiv lies in the interior of the first octant. Now, we apply the same process as

in Lemma 1 to analyze the stability of Ee
hiv:

Lemma 2. If Rhiv > 1, then the endemic equilibrium point Ee
hiv of (4) is locally

asymptotically stable. Otherwise it is unstable.

P r o o f. Let

J e
hiv =











−
nHλk1(1− εRT )(1− εP )

σH
0 −

σH

nH(1− εP )
nHλk1(1− εRT )(1− εP )− µσH

σH
−µ

σH

nH(1− εP )
0 nH(1− εP )µ −σH











be the matrix of linearization of model (4) around Ee
hiv. Then the associated eigen-

values are:

ϕe
1 = − µ,

ϕe
2 = −

k1λnH(1− εRT )(1− εP ) + σ2
H

2σH
,

+

√

n2Hk
2
1(1− εRT )2(1− εP )2λ2 − 2nHk1σ2

H(1− εRT )(1− εP )λ+ 4µσ3
H + σ4

H

2σH

ϕe
3 = −

k1λnH(1− εRT )(1− εP ) + σ2
H

2σH

−

√

n2Hk
2
1(1− εRT )2(1− εP )2λ2 − 2nHk1σ2

H(1− εRT )(1− εP )λ+ 4µσ3
H + σ4

H

2σH
.

It is trivial to see that the eigenvalues ϕe
1 and ϕ

e
3 have negative real part. Repeating

the algebraic manipulations as in Lemma 1, the eigenvalue ϕe
2 has negative real part

if

ϕe
2 < 1 ⇔ Rhiv > 1

and consequently, Ee
hiv is stable. Otherwise it is unstable. Hence, Lemma 2 is proved.

�

Hence, Ee
hiv undergoes a transcritical bifurcation at Rhiv = 1 and interchanges its

stability with Ehiv.

We repeat the same procedure for the SARS-CoV-2 submodel as in the HIV sub-

model (5). Then through Theorem 2 of [21], we obtain the following lemma:

Lemma 3. If Rsars < 1, then the disease-free equilibrium point Esars of (5) is

locally asymptotically stable. Otherwise it is unstable.
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P r o o f. Let

(9) Jsars =





−k2VSsars − µ 0 −k2Tsars
k2VSsars −µ k2Tsars

0 nSµ −σS



 =











−µ 0 −
k2λ

µ

0 −µ
k2λ

µ
0 nSµ −σS











be the matrix of linearization of model (5) around Esars. Then the associated eigen-

values are:

ϕ4 = −µ,

ϕ5 =
−(σS + µ) +

√

4nSλk2 + (µ− σS)2

2
,

ϕ6 =
−(σS + µ)−

√

4nSλk2 + (µ− σS)2

2
.

Analogously to what was done in the HIV submodel, it is easy to see that the

eigenvalues ϕ4 and ϕ6 have negative real part. Hence, if

−(σS + µ) +
√

4nSλk2 + µ2 − 2µσS + σS2 < 0

⇔ 4nSλk2 + µ2 − 2µσS + σS
2 < (σS + µ)2

⇔ k1nH(1− εRT )(1− εP )λ < µσH

⇔ k2nSλ < µσS
(7)
⇔ Rsars < 1,

then ϕ5 < 0 and all eigenvalues have negative real part. This proves Lemma 3. �

Now, we compute the endemic equilibrium point for SARS-CoV-2 submodel (5).

We get:

Ee
sars = (T e

sars, IS
e
sars, VS

e
sars) =

(

σS

nSk2
,
nSk2λ− µσS

nSµk2
,
nSk2λ− µσS

k2σS

)

.

Ee
sars lies in the interior of the first octant if T

e
sars, IS

e
sars and VS

e
sars are positive. It

is clear that T e
sars > 0. Since nSk2λ − µσS > 0, we have IS

e
sars > 0 and VS

e
sars > 0.

Hence,

nSk2λ− µσS > 0

⇔
nSk2λ

µσS
> 1

(7)
⇔ Rsars > 1,
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and Ee
sars lies in the interior of the first octant. Now, we apply the same process as

in Lemma 3 to analyze the stability of Ee
sars:

Lemma 4. If Rsars > 1, then the endemic equilibrium point Ee
sars of (5) is locally

asymptotically stable. Otherwise it is unstable.

P r o o f. Let

J e
sars =











−
nHλk2

σS
0 −

σS

nS
nHλk2 − µσS

σS
−µ

σS

nS
0 nSµ −σS











be the matrix of linearization of model (5) around Ee
sars. Then the associated eigen-

values are:

ϕe
4 = −µ,

ϕe
5 = −

k2λnS + σ2
S −

√

n2Sk
2
2λ

2 − 2nSk2σ2
Sλ+ 4µσ3

S + σ4
S

2σS
,

ϕe
6 = −

k2λnS + σ2
S +

√

n2Sk
2
2λ

2 − 2nSk2σ2
Sλ+ 4µσ3

S + σ4
S

2σS
.

It is trivial to see that the eigenvalues ϕe
4 and ϕ

e
6 have negative real part. Repeating

the algebraic manipulations as in Lemma 1, the eigenvalue ϕe
5 has negative real part

if

ϕe
5 < 1 ⇔ Rsars > 1

and consequently, Ee
sars is stable. Otherwise it is unstable. Hence, Lemma 4 is

proved. �

6. Proof of Theorem 3

We analyze the full model (1). The disease-free equilibrium point of system (1) is

given by

EDFE = (T ⋆, IH
⋆, IS

⋆, VH
⋆, VS

⋆, C⋆) =

(

λ

µ
, 0, 0, 0, 0, 0

)

.

The proof of the first result of this theorem follows from the result obtained by the

authors of [21], i.e., the basic reproduction number of a model with multiples infec-

tions in interaction can be approximated as the maximum of the basic reproduction

number of each submodel. This result is valid because, in the long-term dynamics

of the system, the infection with the highest basic reproduction number controls the
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spread of the disease, which determines whether or not the infection can persist in

the population. Accordingly, applying this principle to (1), the basic reproduction

number is given by

R0 = max {Rhiv,Rsars}.

Now, let

Jf =











−k1(1−εRT )VH
⋆
−k2VS

⋆
−µ 0 0 −k1(1−εRT )T⋆

−k2T
⋆ 0

k1(1−εRT )VH
⋆

−(k2VS
⋆+µ) 0 k1(1−εRT )T⋆

−k2IH
⋆ 0

k2VS
⋆ 0 −(k1(1−εRT )VH

⋆+µ) −k1(1−εRT )IS
⋆ k2T

⋆ 0

0 nHµ(1−εP ) 0 −σH 0 0

0 0 nSµ 0 −σS 0

0 k2VS
⋆ k1(1−εRT )VH

⋆
−k1(1−εRT )IS

⋆ k2IH
⋆

−µ











=











−µ 0 0 −k1(1−εRT )λ/µ −k2λ/µ 0

0 −µ 0 k1(1−εRT )λ/µ 0 0

0 0 −µ 0 k2λ/µ 0

0 nH(1−εP )µ 0 −σH 0 0

0 0 nSµ 0 −σS 0

0 0 0 0 0 −µ











be the matrix of linearization of (1) around EDFE. Then the associated eigenvalues

are

ϕ1, ϕ2, ϕ3, ϕ4, ϕ5 and ϕ6,

the same eigenvalues of (8) and (9) combined. We already know that ϕ1, ϕ3, ϕ4

and ϕ6 have negative real part and ϕ2 and ϕ5 have negative real part if Rhiv and

Rsars are less than one. Therefore, EDFE is asymptotically stable if R0 < 1 and

Theorem 3 is proved.

7. Numerics

In this section, we present several numerical simulations to analyze the dynamics

of HIV and SARS-CoV-2 coinfection. By varying the efficacy of εRT and εP , we

explore how these treatments impact infected cells and viral loads over time. We use

the parameter values given in Table 2 for all figures.

Figure 2 shows the dynamics of HIV-infected cells IH and HIV viral load VH
of (4) for different values of εRT and εP , representing the effectiveness of RTI and

PI. A noticeable decline in both IH and VH populations is observed over time for all

cases, with a more rapid and effective reduction as the treatment efficacy parameters

increase. We also observe that when treatment efficacy is high enough, the number of

HIV-infected cells is higher than the HIV viral load. Figure 3 illustrates the dynamics

of IS and VS over time, for the submodel (5). The dashed curve, representing IS ,

increases rapidly until it stabilizes, while the continuous curve, representing VS ,

remains practically constant and much lower than IS . However, it can be seen
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Parameter Symbol Value Reference

Constant production rate of T cells λ 10 cells mm−3 [1]

HIV infection rate k1 10−8 virions mm3 day−1 [11]

SARS-CoV-2 infection rate k2 10−3 virions mm3 day−1 [20]

RTI-based treatment efficacy εRT [0,1] —

PI drug efficacy εP [0,1] —

Bursting size for HIV growth nH 42− 88 virions cell−1 [18]

Bursting size for SARS-CoV-2 growth nS 10− 2500 virions cell−1 [1]

Natural death rate of T , IH , IS and C cells µ 10−2 day−1 [1]

Death rate of HIV σH 2− 3 day−1 [18]

Death rate of SARS-CoV-2 σS 3 day−1 [1]

Table 2. Parameter values used in numerical simulations.
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Figure 2. IH and VH dynamics of system (4) for different values of εRT and εP . Initial
conditions: (T, IH , VH) = (10, 10, 20).
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Figure 3. IS and VS dynamics of system (5). Initial conditions: (T, IS , VS) = (10, 10, 10).

that at the inflection point of the curve of IS , there is also a slight increase in

viral concentration, so this seems to be a coherent conclusion and in line with the

simulation observation. Figure 4 shows the dynamics of IH , IS and coinfected cells

with both viruses C over time, for different treatment efficacy values εRT and εP :
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Figure 4. IH , IS and C dynamics of system (1) for different values of εRT and εP . Initial
conditions: (T, IH , IS , VH , VS , C) = (10, 60, 10, 50, 1, 1).

⊲ In the first column “without treatment”, the number of HIV-infected cells shows

an oscillatory behavior before decreasing. Initially, the number of cells infected

with SARS-CoV-2 increases significantly. Asymptotically, the number of these

cells tends to zero. The number of coinfected cells increases exponentially;

⊲ With increasing treatment efficacy εRT = εP from 40% to 80%, a faster decrease

in IH cells is observed. IS cells continue to grow, but the growth rate decreases

as treatment efficacy increases. The number of coinfected cells tends to decrease

as the effectiveness of the treatments increases.

Figure 5 shows the dynamics of VH and VS over time, for different values of εRT

and εP :

⊲ In the first column, “Without treatment”, the HIV viral load increases in an

approximately linear fashion. On the other hand, the concentration of SARS-

CoV-2 increases quickly, reaches a peak and then decreases until it stabilizes

near zero;

⊲ As treatment efficacy, εRT = εP , increases from 40% to 80%, two scenarios

occur: (i) VH begins to be controlled more efficiently, leading to a decrease in

the viral load; (ii) For any value of the effectiveness of the treatment, VS has

a similar asymptotic behavior, increasing rapidly at first and then stabilizing

this rate of increase. However, this growth is reduced as εRT and εP increase.
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Figure 5. VH and VS dynamics of system (1) for different values of εRT and εP . Initial
conditions: (T, IH , IS , VH , VS , C) = (10, 60, 10, 50, 1, 1).

The simulation in Figure 6 shows that antiretroviral therapy has an influence on

the dynamics of SARS-CoV-2 infected cells when in an environment where there are

also HIV-infected cells. It reveals that the higher the εRT and the lower the εP , the

slower the growth of IS and VS , even though both grow continuously.
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Figure 6. IS and VS dynamics of system (1) and under HAART therapy with param-
eter combination εRT + εP = 1. Initial conditions: (T, IH , IS , VH , VS , C) =
(10, 10, 10, 10, 10, 1).
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8. Conclusions

In this work we have analyzed a mathematical model to understand the dynamics

of infection of healthy T cells by HIV and SARS-CoV-2 under the effect of HAART.

We have shown that the solutions of model (1) are positive and bounded within a bio-

logically reasonable region (Theorem 1). Furthermore, we have computed the disease-

free and endemic equilibria for HIV and SARS-CoV-2 submodels and their respective

basic reproduction numbers, Rhiv and Rsars. We have proved that the endemic equi-

libria of each submodel undergo a transcritical bifurcation when the respective basic

reproduction number equals one (Theorem 2). Hence, for submodels (4) and (5),

we have shown that the disease-free equilibria are stable when the respective basic

reproduction number is less than 1 and unstable otherwise. Their endemic equilibria

are stable when the basic reproduction number is greater than one and unstable

otherwise. Finally, regarding system (1), we have shown that the basic reproduction

number for the coinfection model is expressed as R0 = max {Rhiv,Rsars}, and that

the disease-free equilibrium point remains stable when R0 < 1 (Theorem 3).

Lastly, regarding the numerical results, we have concluded that antiretroviral ther-

apy has a significant impact in reducing both HIV viral load and HIV-infected cells

(Figure 2). Moreover, although HAART specifically targets HIV and HIV-infected

cells, Figures 4, 5 and 6 have indicated that this therapy also reduces SARS-CoV-2

proliferation and SARS-CoV-2-infected cells. Consequently, HAART has proven

highly effective in reducing coinfected cells, with greater reductions observed as the

efficacy of HAART improves (Figure 4). These findings suggest that HAART, while

primarily targeting HIV, may also reduce SARS-CoV-2 proliferation in coinfected in-

dividuals, likely due to enhanced immune function and fewer susceptible cells. This

highlights a potential added benefit of HAART in coinfection scenarios and may

inform clinical management.

Model validation and future work. This study presents a theoretical mathe-

matical model designed to understand the interaction between HIV and SARS-CoV-2

infections under HAART. The main focus is on the qualitative behaviour of the

model, including the analysis of bifurcations and the stability of equilibria. The

model has not been calibrated with real-world biological data, as such validation is

beyond the scope of this work. However, we recognise the importance of assessing the

model’s reliability in real-world scenarios. A future research direction would be to

incorporate data fitting procedures, such as parameter estimation using least squares

methods or Bayesian inference, and to validate the model’s predictions against avail-

able clinical datasets of coinfected patients. These extensions would increase the

applicability of the model and could provide more information on the biological rele-

vance of the theoretical results. Moreover, we plan to extend our current coinfection
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model to examine the effects of SARS-CoV-2 vaccination on HIV progression. While

this study focused on the influence of HAART on SARS-CoV-2 dynamics, the new

approach will assess how COVID-19 vaccines [16] can impact HIV viral load and the

number of HIV-infected cells.

Data and code availability. All code and scripts used to generate the results

presented in this manuscript are openly available at: https://doi.org/10.5281/

zenodo.15519037. No data was used for the research described in the article.
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